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It is believed that in the near future, gravitational wave detections will become a promising tool not
only to test gravity theories, but also to probe extremely curved spacetime regions in our universe,
such as the surroundings of black holes. In this paper, we investigate the quasinormal modes (QNMs)
of the axial gravitational perturbations of a class of non-singular black holes conformally related to
the Schwarzschild black hole. These non-singular black holes can be regarded as the vacuum solution
of a family of conformal gravity theories which are invariant under conformal transformations.
After conformal symmetry is broken, these black holes produce observational signatures different
from those of the Schwarzschild black hole, such as their QNM frequencies. We assume that the
spacetime is described by the Einstein equation with the effective energy momentum tensor of an
anisotropic fluid. The master equation describing the QNMs is derived, and the QNM frequencies are
evaluated with the Wentzel-Kramers-Brillouin (WKB) method up to the 6th order. As expected, the
QNM spectra of these non-singular black holes deviate from those of the Schwarzschild black hole,
indicating the possibility of testing these black hole solutions with the help of future gravitational
wave detections.
I. INTRODUCTION
The direct detection of gravitational waves (GWs)
from the coalescence of binary black holes [1, 2] is a mile-
stone for the development of modern physics and astron-
omy. This achievement not merely validates Einstein’s
general relativity (GR) once again, but also ushers in a
new era of GW detections worldwide. Furthermore, the
GW signals emitted from the merger of binary neutron
stars and the accompanied electromagnetic signals were
detected recently, with an accurate localization of the
source [3]. Undoubtedly, we are currently ushered in a
new era of GW and multi-messenger astronomy.
One of the important uses of GW detections is to test
extended theories of gravity, or more particularly, to dis-
tinguish black hole solutions in different theories from
their GR counterparts. Even thought GR has been serv-
ing as the best description of our universe so far, it still
suffers from several unexplained puzzles. One of the ex-
amples is the prediction of spacetime singularities such as
those inside the black holes. Intuitively, one would expect
that near the singularity, the bending of the spacetime
is too strong and the energy density is too huge, such
that a quantum description of gravity is necessary as GR
turns out to be inaccurate there (see Refs. [4–12] for some
attempts of including quantum corrections to ameliorate
black hole singularities). Since we still do not have a self-
consistent and complete quantum theory of gravity, one
can consider modifying (or extending) GR at high cur-
vature regimes from a phenomenological point of view
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[13]. Theoretically, there can be a huge class of extended
theories of gravity and it is hoped that GW detections
can shed light on testing, or even falsifying, them in the
future.
In this paper, we will focus on another strategy devot-
ing to the resolution of singularities. The idea is to make
use of the conformal symmetry of the spacetime [14, 15].
It can be expected that at high curvature regimes, the
spacetime could preserve the conformal symmetry in the
sense that it can be described by an underlying grav-
ity theory which is invariant under following conformal
transformations
gˆµν → gˆµν = S(x)gµν , (1.1)
where S(x) is a conformal factor depending on the space-
time coordinates. There are several conformal gravity
theories in the literature, for example, those constructed
with an auxiliary scalar field [16, 17], or with the Weyl
curvature tensor [18, 19]. In the symmetry phase where
the theory is conformally invariant, the spacetime singu-
larity can be easily removed after a suitable conformal
transformation. In this regard, the spacetime singularity
turns out to be an artifact of different choices of confor-
mal gauges, just as the notion of coordinate singularities
in GR, which can be removed with proper coordinate
transformations. Following this direction, the authors
of Refs. [20, 21] proposed a class of non-singular black
hole solutions which are conformally related either to the
Schwarzschild black hole or to the Kerr black hole. The
spacetime is geodescially complete and the curvature is
finite everywhere for these solutions [21]. In this paper,
we will follow a strategy similar to that in Ref. [21]. In-
stead of considering a specific conformal gravity theory,
we will treat the non-singular black holes proposed in
[20, 21] as solutions to a family of conformal gravity the-
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2ories. The results obtained here can be expected as a
generic feature among this family of theories.
As mentioned in [21], the current spacetime is obvi-
ously not conformally invariant. Therefore, if we believe
that the conformal symmetry does play a crucial role
in Nature and resolve the spacetime singularities, there
must be a phase transition where the conformal symme-
try is broken. At the phase transition, a particular pre-
ferred spacetime should be chosen from a huge number
of conformally invariant spacetimes. After the symmetry
breaking, different conformally related spacetimes result
in different observational signatures. In Refs [22, 23],
this class of non-singular rotating black holes has been
tested by using X-ray observational data. The scalar
field perturbations of the non-singular and non-rotating
black holes were discussed in Ref. [24]. The formation
and evaporation of both the neutral and charged black
holes have been studied in Refs. [25, 26]. The properties
of slowly rotating magnetized compact starts [27], and
other non-singular spacetime metrics [28] were investi-
gated. In Ref. [29], the authors studied the violation
of energy conditions for these black hole solutions and
assumed that Nature would select the solutions which
violate less amount of energy conditions at the symme-
try breaking. A general study of rotating black holes in
conformal gravity has been done in Ref. [30]. See also
Ref. [31] for some interesting dynamical spacetimes in a
particular conformal gravity theory.
In order to test these non-singular black hole solu-
tions, in this paper we will study the quasinormal modes
(QNMs) of their axial gravitational perturbations. The
GWs emitted at the final stage of a merger event, that
is, the ringdown signals, are characterized by the QNMs
and can be described by the theory of black hole per-
turbations. In this stage, the distorted black hole can
be regarded as a dissipative system. The system has
a discrete spectrum and the QNM frequencies are com-
plex numbers, whose real part and imaginary part de-
scribe the oscillations of the perturbations and the de-
cay of the amplitude, respectively. Since we do not con-
sider a specific conformal gravity theory, we will derive
the master equation of the perturbations assuming that
the solution is governed by the Einstein equation cou-
pled with the effective energy momentum tensor of an
anisotropic fluid. We will exhibit that the QNM frequen-
cies depend on the conformal factors. To calculate the
QNM frequencies, the WKB method up to the 6th or-
der is used [32–35]. We would like to stress that testing
gravity theories and black hole solutions by using QNMs
has been a popular research direction recently, such as
in the Horndeski gravity [36–40], metric f(R) gravity
[41–43], Palatini type gravity [44, 45], massive gravity
[46, 47], Einstein-dilaton-Gauss-Bonnet gravity [48–51],
the Randall-Sundrum braneworld model [52], Horˇava-
Lifshitz gravity [53], higher dimensional black holes [54–
56], and Einstein-aether theory [57], etc. See Refs. [58–
62] for nice reviews on the latest progress of the field.
This paper is outlined as follows. In section II, we
briefly review the conformal transformation introduced
in Ref. [21] in which the rescaled metric turns out to
be a non-singular black hole solution. In section III, we
assume that the non-singular black hole is described by
the Einstein equation with an effective energy momen-
tum tensor, and present the master equation of the axial
perturbations of the black hole. In section IV, we use the
WKB method up to the 6th order to calculate the funda-
mental QNM frequencies. In this section, we also analyze
the eikonal QNMs, and the asymptotic behaviors of the
QNM frequencies when the parameters of the conformal
factor are large. The time domain profiles of the pertur-
bations and the late-time tails are discussed. We finally
conclude in section V. An appendix is included in an at-
tempt to present the derivation of the master equation
of the axial perturbations.
II. NON-SINGULAR BLACK HOLES IN
CONFORMAL GRAVITY
In the family of conformal theories of gravity where
the spacetime respects the conformal symmetry, all the
spacetime metrics related through conformal transforma-
tions are physically equivalent. In this regard, the space-
time singularity can be removed after a suitable confor-
mal transformation. The spacetime singularity turns out
to be a mathematical artifact of choosing different con-
formal factors. In this section, we will briefly review the
non-singular black hole metric proposed in Ref. [21].
In the conformal symmetry phase, the non-singular
black hole metric is conformally related to the
Schwarzschild black hole as follows [21]:
ds2 = S(r)ds2Schw
= −S(r)f(r)dt2 + S(r)dr
2
f(r)
+ S(r)r2dΩ2 , (2.1)
where ds2Schw is the Schwarzschild line element. The met-
ric function f(r) is
f(r) = 1− rs
r
, (2.2)
where rs is the Schwarzschild radius. In fact, there are
many choices of S(r) such that the spacetime described
by
ds2 = gˆµνdx
µdxν , (2.3)
is everywhere non-singular. We consider the following
conformal factor which was introduced in [21]:
S(r) =
(
1 +
L2
r2
)2N
, (2.4)
where N is an arbitrary positive integer and L is a new
length scale. In the rest of this paper, we will use the
following dimensionless rescalings:
L
rs
→ L , r
rs
→ r , (2.5)
3for the sake of convenience.
First of all, it can be seen that the conformal factor
S(r) reduces to unity when L  r. Therefore, in this
limit the Schwarzschild solution is recovered. Interest-
ingly, as long as N 6= 0 and L 6= 0, the spacetime is
everywhere non-singular. This can be smattered by cal-
culating curvature invariants of the spacetime. Actually,
it can be shown that the curvature invariants are finite
everywhere, including the origin r = 0. For instance, the
Ricci scalar and the Kretschmann scalar of the metric
(2.1) near r → 0 can be approximated as follows [21]
R[gˆ] ≡ gˆµνRµν [gˆ] ≈ 24N
2
L4N
r4N−3 , (2.6)
and
K[gˆ] ≡ Rαβγδ[gˆ]Rαβγδ[gˆ]
≈ 12
(
1 + 12N2 − 16N3 + 16N4)
L8N
r8N−6 , (2.7)
respectively. Because N is a positive integer, the curva-
ture invariants are finite everywhere, including the ori-
gin. In Ref. [21], it was also shown that the spacetime
described by the metric (2.1) is geodesically complete,
justifying the non-singular property of the spacetime.
III. AXIAL PERTURBATIONS
As mentioned previously, the spacetime (2.1) is phys-
ically equivalent to the Schwarzschild metric in the con-
formal symmetry phase because they are different just by
a conformal rescaling. However, the universe is currently
not conformally invariant. There must be a phase tran-
sition where the conformal symmetric of the spacetime
is broken and Einstein GR is then recovered. Theoreti-
cally, There should be a particular selection mechanism
at the symmetry breaking to pick a spacetime metric
from those infinite metrics which are conformally invari-
ant at the symmetry phase. If it is the non-singular black
hole metric (2.1) that has been chosen at the symmetry
breaking, instead of the Schwarzschild one, we can then
distinguish them observationally. In this paper, we will
investigate the QNMs of the axial perturbations of the
non-singular black hole (2.1).
The QNMs generated by a massless scalar field and
those by electromagnetic perturbations have been stud-
ied in Ref. [24]. In that paper, the authors neglected the
back reaction of the fields on the spacetime. Further-
more, in the absence of a specific underlying theory, the
authors derived the master equations by assuming the
validity of the Klein-Gordon equation and the Maxwell
equation. It should be noticed that the conservation of
these additional test fields may not be satisfied in some
gravitational theories, unless the matter sector can be
guaranteed to be minimally coupled with the metric gˆµν .
In order to study the axial gravitational perturbations,
one needs to perturb the gravitational equations as well
as the energy momentum tensor. Again, in the absence
of the underlying theory, an alternative method should
be applied. In this paper, we will assume that the solu-
tion is governed by the Einstein equation with an effec-
tive energy momentum tensor. In Ref. [29], the authors
have used this approach to address the energy conditions
of the non-singular black holes in the conformal grav-
ity. Similar method has also been applied to study black
hole solutions with quantum corrections in several lit-
erature [5, 10, 11]. From a phenomenological point of
view, the effective energy momentum tensor correspond-
ing to the black hole solution (2.1) can be described by
an anisotropic fluid:
Tµν = (ρ+ p2)uµuν + (p1 − p2)xµxν + p2gˆµν , (3.1)
where ρ is the energy density measured by a comoving
observer with the fluid, and uµ and xµ are the time-
like four-velocity and the spacelike unit vector orthogo-
nal to uµ and angular directions, respectively. On the
expression (3.1), p1 and p2 are the radial pressure and
the tangential pressure, respectively. Note that uµ and
xµ satisfy
uµu
µ = −1 , xµxµ = 1 , (3.2)
where the indices are raised and lowered by the met-
ric gˆµν . In the comoving frame, we can assume u
µ =
(ut, 0, 0, 0) and xµ = (0, xr, 0, 0). From Eq. (3.2), we
have
u2t = gˆttutu
t = −gˆtt , x2r = gˆrrxrxr = gˆrr , (3.3)
at the background level. The components of energy mo-
mentum tensor read
Ttt = −gˆttρ , T tt = −ρ , (3.4)
Trr = gˆrrp1 , T
r
r = p1 , (3.5)
T θθ = T
φ
φ = p2 . (3.6)
The explicit expressions of ρ, p1, and p2 are functions of r
and they can be derived by calculating the corresponding
Einstein tensor Gµν(gˆ) constructed from the metric (2.1).
In the appendix A, we will use the tetrad formalism [63]
to derive the master equation of the axial perturbations
of the metric (2.1). It will be shown explicitly there that
the exact forms of ρ, p1, and p2 have nothing to do with
the master equation.
The master equation of the axial perturbations reads
(see appendix A for the derivation)
d2H(−)
dr2∗
+ ω2H(−) = Vg(r)H(−) . (3.7)
On the above equation, ω is the QNM frequency, r∗ is
the tortoise radius defined by
dr
dr∗
= f(r) , (3.8)
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FIG. 1: The potential Vg(r) given in Eq. (3.10) for different values of (from left to right) N , L, and the multipole number l.
The values of the parameters are given in the figures.
and the potential Vg(r) is
Vg(r) = f(r)
[
l (l + 1)
r2
− 2
r2
− Z d
dr
(
f(r)dZdr
Z2
)]
,
(3.9)
where Z ≡√S(r)r and l is the multipole number.
If we use the conformal factor given in Eq. (2.4), the
potential Vg(r) can be written as
Vg(r) = f(r)
[
l (l + 1)
r2
− 3
r3
+ F1(r)N + F2(r)N
2
]
,
(3.10)
where
F1(r) = −
2L2
(
5r3 − 6r2 + 3L2r − 4L2)
r3 (r2 + L2)
2 , (3.11)
F2(r) =
4L4 (r − 1)
r3 (r2 + L2)
2 . (3.12)
It can be easily seen that the master equation of the
axial perturbations of the Schwarzschild black hole, that
is, the Regge-Wheeler equation [64], is recovered when
either N = 0 or L = 0. In Fig. 1, we have shown the
potential Vg(r) given in Eq. (3.10) for different values
of the parameters. According to these figures, it can be
seen that increasing the values of either N or L in the
range of L < 0.6 would slightly decrease the height of the
potential first, then increase it as N and L get larger. In
addition, one can see that a larger multipole number l
significantly increases the height of the potential.
IV. QNM FREQUENCIES: THE 6TH ORDER
WKB METHOD
With the master equation (3.7) of the axial gravita-
tional perturbations, the QNM frequencies can be calcu-
lated by treating the master equation as an eigenvalue
problem with proper boundary conditions. Technically,
there are various methods to calculate the QNMs, rang-
ing from numerical approaches [65, 66] to semi-analytic
methods (see Refs. [58–61] and references therein).
Among the plethora of technical methods, in this pa-
per we will use a semi-analytical approach, which is con-
structed on the WKB approximation, to evaluate the
QNM frequencies. This method was firstly formulated
in Ref. [32]. After that, the 1st order WKB method was
extended to the 3rd and 6th order WKB approximation
in Refs. [33, 34], respectively. Recently, a further exten-
sion of the WKB method up to the 13th order has been
developed in Ref. [35]. With the WKB method, the QNM
frequencies can be directly evaluated by using a simple
formula as long as the potential term in the master equa-
tion is known. It should be highlighted that the WKB
method is accurate when the multipole number l is larger
than the overtone n [59]. Therefore, in the following dis-
cussions, we will devote to the QNMs of the fundamental
modes n = 0. We shall emphasize that for astrophysical
black holes, the fundamental modes have the longest de-
cay time and would dominate the late time signal during
the ringdown stage.
The idea of the WKB method relies on the bound-
ary conditions that we need to impose when calculat-
ing the QNM frequencies. At spatial infinity (r∗ → ∞),
only outgoing waves moving away from the black hole
exist. On the other hand, there can only exist ingoing
waves moving toward the black hole at the event hori-
zon (r∗ → −∞) because nothing can escape from the
event horizon. In order to encompass these boundary
conditions, we treat the problem as a quantum scatter-
ing process without incident waves, while the reflected
and the transmitted waves have comparable amounts of
amplitudes. This can be achieved by assuming the peak
value of the effective potential Veff(r∗) ≡ −ω2 + V to
be slightly larger than zero. There will be two classical
turning points at the vicinity of the peak. At the regions
far away from the turning points (r∗ → ±∞), we use
the boundary conditions and solve the master equation
with the help of the WKB approximation up to a desired
order. Near the peak, the differential equation is solved
by expanding the potential into a Taylor series up to a
corresponding order. After matching the solution near
the peak with those derived from the WKB approxima-
tion simultaneously at the two classical turning points,
5the numerical values of the QNM frequencies ω can be
deduced according to the matching conditions.
In the 6th order WKB method, the QNM frequencies
can be evaluated with the following formula [32–34]
i
(
ω2 − Vm
)√−2V ′′m −
6∑
i=2
Λi = n+
1
2
, (4.1)
where the indexm denotes the quantities evaluated at the
peak of the potential. V ′′m is the second order derivative of
the potential with respect to r∗, calculated at the peak.
Λi are constant coefficients resulting from higher order
WKB corrections. These coefficients contain the value
and derivatives (up to the 12th order) of the potential at
the peak.1
A. Fundamental QNMs
In Fig. 2, we calculate the real part (upper) and the
imaginary part (lower) of the fundamental QNM frequen-
cies of the non-singular black hole using the 6th order
WKB formula. The frequencies are exhibited with re-
spect to the parameter L.2 Different curves correspond
to different values of N . We consider l = 3 (left) and
l = 4 (right) in this figure.
From Fig. 2, one can see that both the real part Re ω
and the absolute value of the imaginary part |Im ω| of
the frequencies would slightly decrease when L starts to
deviate from zero. When L is getting larger (still within
the parameter space of our interest, i.e., L ≤ 0.6), both
Re ω and |Im ω| would increase. The overall tendency
is more apparent when N is larger. It should be noticed
that for smaller value of l (e.g. l = 3), the frequencies
possess a non-trivial oscillating behaviors when we in-
crease the value of L. This is in contrary to the QNMs
of the massless scalar field shown in Ref. [24], where the
oscillating behaviors are absent. We will briefly compare
the QNMs of the axial gravitational perturbations and
those of the massless scalar field in subsection IV F
B. Eikonal QNMs
In the eikonal limit where l → ∞, the WKB method
is accurate in calculating the QNM frequencies. In this
limit, the potential Vg(r) can be approximated as
Vg(r) ≈ f(r) l
2
r2
, (4.2)
1 The explicit expressions of Λi are given in Refs. [33, 34] (see
Eqs. (1.5a) and (1.5b) in Ref. [33], and the appendix in Ref. [34]).
2 Note that the parameter L has been constrained with X-ray ob-
servational data. For Kerr black hole, L should be L ≤ 0.6 when
N = 2 [22]. Recently, a more stringent constraint (L ≤ 0.225
when N = 1) has been derived in Ref. [23].
which is independent of the conformal factor. It can be
seen that the QNM frequencies in large l limit reduce to
those of the Schwarzschild black hole. One cannot distin-
guish the non-singular black hole and the Schwarzschild
black hole by using the QNMs in the eikonal limit.
Actually, the fact that the potential can be approxi-
mated as Eq. (4.2) gives rise to a straightforward way
to calculate QNM frequencies. It can be shown that the
peak of the potential (4.2) locates exactly on the null cir-
cular orbit of the black hole. Therefore, the QNMs in
the eikonal limit of a stationary, spherically symmetric,
and asymptotically flat black hole can be obtained ac-
cording to the properties of the null circular orbit [67].
More precisely, the QNM frequency in the eikonal limit
can be deduced from [67]
ω ≈ Ωcl − i(n+ 1/2)|λc| , (4.3)
where Ωc can be interpreted as the angular velocity of
the null circular orbit and the parameter λc stands for
the Lyapunov exponent quantifying the instability of the
orbit.
One can see that the eikonal QNM frequencies of
the non-singular black hole reduce to those of the
Schwarzschild black hole, and they can be derived from
the properties of the null circular orbit (r = 3/2) via
Eq. (4.3). We would like to stress that in some other mod-
ified theories of gravity [45, 68, 69], the correspondence
between the eikonal QNM frequencies and the proper-
ties of the null circular orbit around the black hole, i.e.,
Eq. (4.3), could be violated. In those cases, it is possi-
ble to distinguish different theories by comparing their
eikonal QNM frequencies.
C. Large L limit
In this subsection, we intend to discuss the QNM fre-
quencies when L is large. It is expected that in this limit
the deviations of the non-singular black hole from the
Schwarzschild counterpart would be significant, jeopar-
dizing the physical applicability of this region of param-
eter space. In fact, several constraints on L have been
derived according to X-ray observational data [22, 23].
Here, we study the QNMs in large L limit simply due to
its mathematical interest.
At large L limit, the functions F1(r) and F2(r) in the
potential (3.10) can be approximated as
F1(r) ≈ 8− 6r
r3
, (4.4)
F2(r) ≈ 4 (r − 1)
r3
. (4.5)
It turns out that the potential Vg is independent of L and
therefore the QNM frequencies approach a constant when
L becomes large (see Fig. 3). More explicitly, the real
part of the QNM frequencies increases with L. When L
is getting larger, Re ω approaches a constant value, which
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FIG. 2: The real part (upper) and the imaginary part (lower) of the fundamental QNM frequencies of the non-singular black
hole in conformal gravity are presented with respect to L. Different curves represent different values of N . The multipole
number is chosen to be l = 3 (left) and l = 4 (right), respectively.
is determined by the parameter N . On the other hand,
the absolute value of the imaginary part of the QNM fre-
quencies increases and reaches its maximum value when
L ≈ 2. When L further increases, |Im ω| rapidly de-
creases and approaches a constant value, which is smaller
if N is larger.
D. Large N limit
In Ref. [29], the authors assumed that the most natu-
ral criterion of selecting the preferred black hole solution
from the huge family of conformally invariant solutions
at the symmetry breaking is based on the amount of vio-
lation of the energy conditions. Nature might choose so-
lutions which have less violation of the energy conditions.
Consequently, the non-singular black hole solutions with
a large value of N are more preferred [29]. Therefore,
it is necessary to study the QNMs at large N limit and
see whether the solutions in this limit are observationally
preferred or not.
In large N limit, the potential Vg can be approximated
as
Vg(r) ≈ f(r)F2(r)N2 . (4.6)
Using the 1st order WKB formula, the QNM frequen-
cies in large N limit can be deduced from the following
equation
ω ≈ N
√
(fF2)m − i
(
n+
1
2
)√− (fF2)′′m
2 (fF2)m
. (4.7)
where the index m denotes the quantities evaluated at
r = rm, where f(r)F2(r) gets its maximum value. The
prime stands for the derivative with respect to r∗, as in
Eq. (4.1).
According to the formula (4.7) and the function F2(r)
given in (3.12), the real part of the frequency is linear in
N . This can be seen from the green curves of the upper
panel of Fig. 3. On the other hand, the imaginary part of
the QNM frequency in large N limit is independent of N ,
while it is linear in the overtone n (similar tendencies also
appear for the QNMs of the massless scalar field pertur-
bations [24]). One can see from the lower panel of Fig. 3
that the purple curves (N = 5) and the green curves
(N = 10) are close to each other, especially at large L
limit where the imaginary part of the QNM frequency
neither depends on N nor L.
According to our results, the QNM frequencies of non-
singular black holes with a large N seem to deviate signif-
icantly from their GR counterpart, i.e., the Schwarzschild
black hole. Therefore, such non-singular black holes and
the selection criterion based on the amount of violation
of energy conditions proposed in Ref. [29] might be ob-
servationally inconsistent.
Another important result according to Fig. 3 is that
the imaginary part of the frequency does not change
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FIG. 3: The upper (lower) figure shows the real (imaginary)
part of the QNMs from the axial perturbations of the non-
singular black hole in conformal gravity. The multipole num-
ber is chosen to be l = 4. When L is getting large, both the
real and the imaginary parts of the frequencies approach a
constant.
sign when the values of N and L are changed. As we
have mentioned, when N and L get large, the imagi-
nary part of the QNM frequency approaches a constant
which is independent of the values of N and L. There-
fore, the sign of the imaginary part of the frequency re-
mains unchanged, indicating that the perturbations are
always damping oscillations and the black holes are sta-
ble against the axial perturbations. Actually, it is well
known that the perturbations are stable as long as the
potential Vg is positive definite everywhere outside the
horizon. The potential of our interest is indeed the case
(see Fig. 1).
E. Time evolution and late-time tails
In this subsection, we will study the time domain evo-
lution of the axial gravitational perturbations as well as
the late-time tail which is the power-law falloff of the
perturbations. To derive the time evolution of the per-
turbations, we follow the standard strategy illustrated
in Refs. [70–72]. More precisely, we rewrite the master
equation (3.7) in the light cone coordinates as follows[
4
∂2
∂u∂v
+ Vg(u, v)
]
H(−)(u, v) = 0 , (4.8)
where u = t − r∗ and v = t + r∗. This equation can be
directly integrated numerically after appropriate initial
data on u = u0 and v = v0 are imposed. The time
domain profiles of the axial perturbations for different
values of the parameters are shown in Fig. 5. It can be
seen from the left and middle panels of Fig. 5 that the
tails are parallel to each other for different values of N
and L. Actually, the power law tail only depends on the
multipole number l and one can see from the right panel
of Fig. 5 that the perturbations with higher l would decay
faster.
F. Comparison with the QNMs from massless
scalar field
Before closing this section, we would like to compare
the QNMs of the axial gravitational perturbations with
those from the massless scalar field perturbations. Unlike
the QNMs of the electromagnetic perturbations which
remain unchanged after conformal transformations [24],
both the scalar perturbations and the axial gravitational
perturbations deviate from their Schwarzschild counter-
part. In the previous discussion, we have already shown
how the QNMs of the axial gravitational perturbations
change in the presence of the additional conformal factor.
In this subsection, we will briefly review the QNMs of the
massless scalar field perturbations, which was studied in
Ref. [24].
The master equation describing the massless scalar
field perturbations is deduced from the Klein-Gordon
equation, and it can be written as [24]:
d2Ψ
dr2∗
+ ω2Ψ = Vs(r)Ψ , (4.9)
where
Vs(r) = f(r)
[
l (l + 1)
r2
+
1
Z
d
dr
(
f(r)
dZ
dr
)]
, (4.10)
where Z =
√
S(r)r and the potential depends on the
conformal factor S(r).
Considering the conformal factor of our interest (2.4),
the QNM frequencies of the massless scalar field per-
turbations are calculated by using the 6th order WKB
method, as what we have done for the axial perturba-
tions. The results are shown in Fig. 4. Here we choose
the multipole number l = 3. The results with l = 2 were
presented in Ref. [24]. One can see that the real part
of the frequencies Re ω would slightly decrease when we
increase L a little bit from zero. Then it increases with
L. As for the imaginary part, it can be seen that |Im ω|
increases with L and N . This is different from what
we have found in the axial perturbations. For the axial
perturbations, both Re ω and |Im ω| would in general
decrease then increase with L. Furthermore, for l = 3
the axial QNM frequencies with a large N possess a non-
trivial oscillating behavior when we change the value of
L.
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FIG. 4: The upper (lower) figure shows the real (imaginary)
part of the QNMs from the massless scalar field of the non-
singular black hole in conformal gravity with respect to L.
The multipole number is chosen to be l = 3. The results with
l = 2 have been given in Ref. [24].
V. CONCLUSIONS
In this paper, we investigate the QNMs of the axial per-
turbations of the non-singular black hole, which can be a
solution within a family of conformal gravity theories. In
conformal gravity, the spacetime respects the conformal
symmetry and all the metrics transformed conformally
are physically equivalent. It is straightforward to remove
the spacetime singularity by introducing a conformal fac-
tor such that the spacetime described by the new metric
gˆµν is everywhere non-singular. The spacetime singular-
ity is just a mathematical artifact of choosing different
conformal gauges. The non-singular spacetime is geodesi-
cally complete and the curvature invariants (in the no-
tion of coordinate transformations) turn out to be finite
everywhere in the spacetime.
In order to recover the present universe that we are
living in, there must be a phase transition where the con-
formal symmetry is broken. After the phase transition,
different conformally related spacetime metrics give rise
to different observational consequences. The exact ex-
pressions of the master equation of the gravitational per-
turbations should be derived from the perturbed grav-
itational equations and should therefore depend on the
underlying gravitational theory. In the absence of a spe-
cific conformal gravity under consideration, we derive the
master equation by assuming that the spacetime is de-
scribed by the Einstein equation coupled with the ef-
fective energy momentum tensor of an anisotropic fluid.
The results obtained in this paper can be regarded as a
generic feature of a family of conformal gravity from a
phenomenological perspective.
As pointed out in this paper, the QNMs of the axial
gravitational perturbations are able to see the effects of
conformal factors, like the cases of the massless scalar
field QNMs studied in Ref. [24]. However, for the QNMs
of the massless scalar field perturbations, Re ω tends
to decrease slightly when L slightly increases from zero,
then it starts to increase with L. The absolute value of
the imaginary part |Im ω| increases with L and N . These
behaviors have been presented in Fig. 4 and also in the
paper [24]. On the other hand, for the QNMs of the ax-
ial gravitational perturbations investigated in this paper,
both Re ω and |Im ω| would decrease first with L, and
then increase when L is of order one (See Fig. 2). Also,
we have found a non-trivial oscillating behavior of the
QNM frequencies as a function of L when the multipole
number is l = 3. On the other hand, we have found that
the non-singular black holes in conformal gravity can-
not be distinguished from the Schwarzschild black hole
by using the eikonal QNMs because the master equation
becomes independent of the conformal factors. Finally,
we have concluded that the parameters L and N for a
non-singular black hole cannot be too large otherwise the
QNM frequencies would deviate too much from those of
the Schwarzschild black hole. This implies that the selec-
tion criterion based on the amount of violation of energy
conditions, which was proposed in Ref. [29], is likely to
be observationally disfavored.
We would like to stress that the analysis done in this
paper is only for non-rotating black holes. In reality,
black holes should have spins and can be well-described
by the Kerr metric in the context of GR. Testing ro-
tating black holes in modified theories of gravity is ex-
tremely difficult. Actually, even the derivation of an ex-
act solution of rotating black holes with an arbitrary spin
can be extremely challenging due to the complexity of
the gravitational equations. However, the class of ro-
tating black holes in the conformal gravity proposed in
Ref. [21] exquisitely skirt this technical difficulty. The
non-singular rotating black holes can be obtained by con-
formally transforming the Kerr metric. One can then
apply a similar strategy to compare the QNM spectra of
these rotating black holes with those of the Kerr black
hole. We shall leave this interesting issue for a coming
work.
Appendix A: The derivation of the master Eq. (3.7)
In order to study the QNMs of a static and spherically
symmetric black hole, we consider a perturbed spacetime
which is described by a non-stationary and axisymmetric
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FIG. 5: The time domain profiles of the axial gravitational perturbations for the non-singular black holes in the conformal
gravity with different values of (from left to right) N , L, and the multipole number l. The values of the parameters are given
in the figures.
metric as follows [63]:
ds2 =− e2ν (dx0)2 + e2ψ (dx1 − σdx0 − q2dx2 − q3dx3)2
+ e2µ2
(
dx2
)2
+ e2µ3
(
dx3
)2
, (A1)
where ν, ψ, µ2, µ3, σ, q2, and q3 are functions of time
t (t = x0), radial coordinate r (r = x2), and polar an-
gle θ (θ = x3). Since the system is axisymmetric, the
metric functions can be assumed to be independent of
the azimuthal angle φ (φ = x1). In the following deriva-
tion, the notation used in Ref. [63] is strictly followed.
The only difference is that the metric function ω used in
Ref. [63] is replaced with σ in Eq. (A1) as we will use ω
to denote the frequency of the perturbations. Note that
q2, q3, and σ are zero for a static and spherically sym-
metric spacetime. Therefore, when linearizing the field
equations, these metric functions should be regarded as
linear order perturbation quantities.
To proceed, we will use the tetrad formalism in which
one defines a tetrad basis corresponding to the metric
(A1) (see Ref. [63] for a clear introduction of the tetrad
formalism):
eµ(0) =
(
e−ν , σe−ν , 0, 0
)
,
eµ(1) =
(
0, e−ψ, 0, 0
)
,
eµ(2) =
(
0, q2e
−µ2 , e−µ2 , 0
)
,
eµ(3) =
(
0, q3e
−µ3 , 0, e−µ3
)
, (A2)
where the tetrad indices are enclosed in parentheses to
distinguish them from the tensor indices. Essentially, in
the tetrad formalism all the relevant quantities defined
on the coordinate basis of gˆµν are projected onto a spe-
cific basis of η(a)(b) by using the corresponding tetrad
basis. Usually, it is convenient to assume η(a)(b) to be
the Minkowskian metric. Upon this construction, any
vector or tensor field can be projected onto the tetrad
frame in which the field is expressed through its tetrad
components:
Aµ = e
(a)
µ A(a) , A(a) = e
µ
(a)Aµ ,
Bµν = e
(a)
µ e
(b)
ν B(a)(b) , B(a)(b) = e
µ
(a)e
ν
(b)Bµν . (A3)
1. Perturbed energy momentum tensor
In the tetrad frame, the perturbed energy-momentum
tensor of an anisotropic fluid reads
δT(a)(b) = (ρ+ p2)δ(u(a)u(b)) + (δρ+ δp2)u(a)u(b)
+ (p1 − p2)δ(x(a)x(b)) + (δp1 − δp2)x(a)x(b)
+ δp2η(a)(b). (A4)
After considering the constraints on uµ and xµ, that is,
Eq. (3.2) and uµxµ = 0, we find that the axial compo-
nents of the perturbed energy momentum tensor in the
tetrad frame vanish:
δT(1)(0) = δT(1)(2) = δT(1)(3) = 0 . (A5)
2. Perturbed Einstein equation
In the tetrad frame, the Einstein equation can be
rewritten as
R(a)(b) − 1
2
η(a)(b)R = 8piT(a)(b) . (A6)
Since the axial components of the perturbed energy mo-
mentum tensor vanish, the master equation of the ax-
ial perturbations can be derived from R(a)(b)|axial = 0.
We then consider the (1, 3) and (1, 2) components of
R(a)(b)|axial = 0 and get:[
Sr2eν−µ2 (q2,3 − q3,2)
]
,2
− Sr2e−ν+µ2 (σ,3 − q3,0),0
= 0 , (A7)[
Sr2eν−µ2 (q3,2 − q2,3) sin3 θ
]
,3
− S2r4e−ν−µ2 (σ,2 − q2,0),0 sin3 θ = 0 . (A8)
Then, we define
Q ≡ Sr2eν−µ2 (q2,3 − q3,2) sin3 θ , (A9)
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with which Eqs. (A7) and (A8) can be rewritten as
eν−µ2
Q,2
Sr2 sin3 θ
= (σ,3 − q3,0),0 , (A10)
eν+µ2
Q,3
S2r4 sin3 θ
= − (σ,2 − q2,0),0 . (A11)
By differentiating Eqs. (A10) and (A11) and eliminating
σ, we obtain
1
sin3 θ
(
eν−µ2
Sr2
Q,2
)
,2
+
eν+µ2
S2r4
(
Q,3
sin3 θ
)
,3
=
Q,00
Sr2 sin3 θeν−µ2
. (A12)
3. The master equation
To derive the master equation, we consider the ansatz
[63]
Q(r, θ) = Q(r)Y (θ) , B(r, θ) = B(r)Y,θ/ sin θ ,
(A13)
where Y (θ) is the Gegenbauer function satisfying [73]
d
dθ
(
1
sin3 θ
dY
dθ
)
= −µ2 Y
sin3 θ
, (A14)
where µ2 = (l− 1)(l+ 2). Eq. (A12) can be rewritten as(
eν−µ2
Sr2
Q,r
)
,r
+
(
ω2
Sr2eν−µ2
− e
ν+µ2µ2
S2r4
)
Q = 0 ,
(A15)
where we have used the Fourier decomposition ∂t → −iω.
We introduce the following definitions
H(−) ≡ Q
Z
, (A16)
where Z ≡ √Sr, and consider the tortoise radius r∗
which satisfies
dr
dr∗
= eν−µ2 = f(r) . (A17)
The master equation (A15) becomes
d2H(−)
dr2∗
+ ω2H(−) =
[
−Z
(
Z,r∗
Z2
)
,r∗
+
e2νµ2
Z2
]
H(−) .
(A18)
Since Z =
√
Sr and e2ν = Sf , Eq. (A18) can be rewritten
as
d2H(−)
dr2∗
+ ω2H(−) = f(r)
[
µ2
r2
− Z d
dr
(
f(r)dZdr
Z2
)]
H(−)
=Vg(r) , (A19)
completing the derivation of Eq. (3.7).
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